We study the high order equilibrium distributions of a counting random variable. Properties such as moments, the probability generating function, the stop-loss transform and the mean residual lifetime, are derived. Expressions are obtained for higher order equilibrium distribution functions under mixtures and convolutions of a counting distribution. Recursive formulas for higher order equilibrium distribution functions of the -family of distributions are given.
Introduction
Recently, there has been much attention given to higher order equilibrium distributions associated with a given distribution function (d.f.), see e.g., Fagiuoli and Pellerey [1,2], Nanda, Jain and Singh [3] , Hesselager, Wang and Willmot [4] and the references therein. Equilibrium distributions arise naturally in ruin theory and play an important in various settings.
The first order equilibrium distribution of a claim size d.f., in classical risk theory, can be interpreted as the distribution of the amount of the first drop below the initial reserve, given there is such a drop (see for instance Bowers et al. [5] , Chapter 12). Many results on the moments of the time to ruin, the surplus before ruin and the deficit at ruin, heavily depend on the equilibrium distribution of the claim size d.f. [see Lin and Willmot [6, 7] for details].
Some classifications of reliability distributions are based on properties of higher order equilibrium distributions. Whence, bounds for the right tail of the total claims distribution and ruin probabilities, can be obtained from the properties of equilibrium distributions associated with the single claim size d.f., see [7] [8] [9] .
Although much attention has been paid to the equilibrium distributions associated with a given d.f., most results are for continuous random variables. Instead, we discuss higher order equilibrium distributions associated with a discrete probability function (p.f.). Throughout the paper, 
Notation and Definitions
Let X be a non-negative r.v. taking integer values, with probability function (p. 
to be the n-th factorial moment of X, where denotes the n-th factorial power of x and It is well known in summation calculus (see e.g. Hamming
Hence the n-th factorial moment 
Similarly, the probability generating function (p.g.f.) of the equilibrium distribution is given by
and its survival function is
Now define the equilibrium distribution of 1 or equivalently, the second order equilibrium distribution of This shows the geometric distribution is identical to the original distribution.
Example 2: Let X be a discrete uniform with In deriving the properties of the higher order equilibrium distributions of p, the following lemmas will be needed. moments are given by
where called the first and the second ectively, are given sively by , , 
It is easy to show that (8) is verified by mathematical induction. To prove (9), simply let in (8) .
Lemma 3 For and
Proof: Since 
the n-t probability function torial stop-loss trans tha 
The argument is similar to that in the above proof. Now define 
Equilibrium Distribution and Convolutions
section studies the equilibrium distribution of t e n-th fold convolution of a counting distribution.
The following lemma shows that the usual formulas 
where 
